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NUMERICAL PREDICTILIN OF SUBSIDENCE WITH COUPLEO
GEOMECHANJCAL-HYDROLOGICAL MODELING

S. P. Gtrrens, C. A. Anderson, J. G. Bennett, M, Kramer
Los Almos National Laboratory
Los Alamos, New Mexico 07545

ABSTRACT

A coupled finite element gecxnechanical-
hydrology code is currently under development
for applicatiofl to the problem of predicting
groundwater disturbances associated with mine
subsidence, The structural..fluld coupling is
addressed by calculating the subsided mine geom-
etry, with emphasis placed on determining the
strata disturbance and locating damaged regions,
for input into a hydrology code, which determines
localized volume fl~w rates and aquifer fluctua-
tions. Benefits frcm coupllng will be best
realized when field measurements, an additional
aspect of the study concurrt?nt with analytical
investigations, indicating the relationship
between increasing rock strain ard increasing
permeability are incorporated into h~~raulic
materi,ll descript:ocs, Hydrologic and struc-
tural calculations are pres~nted to demonstrate
cmnpulnt~nnal capabilities applicable to mine
suhsijpn~e.

I!ITROINJCTION

In many mining opc’atlors, floodlng can CtiIJSe

conslcl~rabl~ support problems anq may require
~xp(,n<ive dr~in~ge operations ur closing of the
mine. S@epag@ of water into the mine is usually
a re$ult of disruption of Overlylng hqulfers or
fissures reaching satllratpd strata or evsn sur-
face water bodies, In h~~h extrart)on mining
wh~re the overburden is allowed to collapse be-
hind the advanclnq face, for both legal and
p,artlr~l consid~ration~,, the mine operator
s.h~llllrlIIP cnncern~cl whhther his actlvit)es rn)ght
II{s.pupt overlying watpr supplies, Thp abillty
tc ptpdlct $(lb5urf~c0 rlisturbhnco on water hear-

Inq strata would allow thp m“np operator to max-
Im\zc prnrhIctloII frun r~wrvos whlrh might othvf.
WISP b(j con$ldered tvo hazarduus or qurstlunable
to mlnp,

At th~ 105 Alamos National I.aboratory, a study
IS currently underway to dpvplon a numerical
srh-mp fnr Drectictlnq qrnundwdtrr movement as.
.,OCial,,(lWIlh SIJ:l C, lrh II IrIJ, At pfcspnt, thp go~l
(If thv pr(,qram 1$ to prnvidc thp mln!ng Industry
with ~ Drflrt(cal tnnl, bds~d uprm In situ men5.
IIr#lIlrIinputs, to analy#P mlnlfiq hyrfroloqlcal
plc)hlm , [fforr Is ongoing in t)lrrp major
ar~as, ThP first area it ‘n gpn~ratlng a hydro-
lnqI( m(~(!cl,wlllctlwill hand){, the val”lous
grnurldwater flew phononwna as$ocl~t~rt with a
Suhtldcnce gewnetry, A spcnnri area is In devel-
oping a suhsidpnce motlrl, t~ouqh baspd on elasto-
pla51ic principles, that ut!lftp> an additional
md~t?rjdl mochl tb describe th~ behavior of geo-
Ioqlr merfla in damatyd r,glons, Notable efforts
In mndellng damhgwl r+gims includv those of the

Sandid National Ldbordtory which have had good
success in modeling centrifuge experiments.l-q
HOweVtW, since the hydrologic calculation Is
dependent upon the subsidence gecnnetry, effort
is being directed at coupling the two calcula-
tions to maintain d logical and consistent
ddmage event sequence, Admitting that numu?rical
c~putatiOnS are only as ood as the input, the

7third field of study invo ves incorporating
actual field measurements into the various
models, performing the calculations, and then
CCmI!pWinQ results with measured post subsidence
disturbances. This paper pr~sents accomplish-
ments to ddte and discusses the current scope of
work for analyzing the complex problem of sub-
sidence hydrology.

HYDROLOGIC MODELING

In order to study groundwater mo’(ement assocl.
ated with mine subsidence, a I,ighly dddptable
hydrologic model is required, The hydrologic
model should have the capability of solvin9
three-dimensional, anisotropic, multilayered,
confined- and unconfined-aquifer sYstems, Finite
element techniqu~s dre well suited for modeling
complicated groundwater flow problems, in addi-
tion to allowlng the investigator sufficient
leeway to incorporate new and necessary computa-
tional capabilities, for example, inrinite ele.
ments for bounding large problems, nonlinear
flow equations and pr~oerty descriptions, local.
lzed volumr flow rate calculations, etc., the
method allows coupling with counterpart geo-
mechdntcs models thdt deal with subs ideocr
Induced deformation,

A derived equation th~t Sat$sfacturlly de-
scribes three-dlrnens londl, nonstepdy flow in
both confined and unconfined aquifers is based
on t~le prlnclple of conservation of mdss and
Oarcy’s law for flow in saturated porous media,
The principle of conservation of m ss for a vol-
UIM Plement requires that the mass intlow rate
●qudl thp ma>s outflow rate plus the change of
mass storagp in tinw, For a homogeneous and
lncomprcS\ll)lP fl id,

Y
this prlnc~ple Is wrl(ten

mdlhpmatically a$

fie,e

s ~ sp~, lflc sturage, L-l
i ● den5ttyof fluld, ML-3

9 ~ grdv’ty fle)d stren th LT-~
P ~ fluid pressure, !Ml- T.t

t ~ lIIIW, T
U,v,w w fluid ve)oclttes n the a, y and 1

Idirections, LT- ,

(1)



‘ihe traditional approach to flow
13 to express the governing equat
of head. Introducing the piezom

h ■ .& Z

where Z . elcvatlon above a L:ven

~ porous media
ons in terms
ric head

datum, L,
Darcy’s law relating fluid velocities and pres-
sure grac!ients may be written

(2)

(3)

with KX,K ,Kz ■ the hydraulic conductivity
;[o;$e :;~~rated flow in the x, J, and z direc-

. Ccnmbining Eqs. (1) and (3) we
obt,ll; the ~ollow~ng expression describing
goundwater flow

The concept of hydraulic head thus leads to a
math&natical expression involving only one de-
pendent variable, h, Such expressions ha’<e been
e~tensively investigated in several fields of
mathematical phys+c;, for eample, potential
theory, diffusion, and heal transfer, Taking
aduantaqe of this p+yslcal analogy allows thr
use of an eXIStiOg three-dimensional, linear and
nonlinear steady-state an
fer analysis code,

*D,NAT~ tran~lent heat tran$.
51ncc this code

Is well docurm?nterl and ~,upported at Los Alafrms,

th~ problem of &v~loplng a “new” hydrology COCIP

becorm?s one of making the appropriate theory and
corll!~gchsnges, $becific to porous flow phenme-
na, to an established fin{te element program,

T4c fl>ltp t?lewnt technique basically Involves
approxll, +ting the boundary value problem by a
Set ~f dl$f?brdiC equatlor,s thdt cdn be derived
by several mthods. One tecmlique is to use the
m~th,od of lle~ql]t~dRPSid,Ja]$ And tne Lalerkl,l
approx~mdtl:n wh~l~ dpplied to Eq, (4I q~ves the
followlng f(nlle ~lement !?q(,d!!Ol,

‘{ ‘B][Kl[B]T(h;
v }

* {N, [S] INI~I dV

(5)
./$ (N*lclnllT ~ o ,

~hpre 1’ Is the v~ctor of elemnt interpo.
latlon functions. (B] Is Lh? matr!x of Its dc-
rlvat,!v~$ with r~r,pfct to $pd(idl vat iable$, {hl

fi!I(j I h ar~ the vrctor$ of nodal polrrt huad and
its tlnw d?r!vatl v?, rcs~~ctivply, (N*} ar~ the
PImpnt b~unrj~ry shape flmctlon$, q,, are tile
bolmtlary flu!d fluxe$ normal to the surface and
[S1 IS th~ ip~c{flc storLgemttrl~, Th@ detoll>
of thl., pt-ocoriur~ A$ applled to flnitc elerrwnts
In hydrnlo y are well de$c~lbed in Ref. ?0,
[q,l#t\on (!) (5 progrmrwd into ADINAT ustng
vari~hle numhcr-nodr$ soparwtrlc rlments and
Gaussl~n quadrature. In th? formulation of [q.
($1 no ri~r!vatlve of the hyd!aulic conduct lvtty
ma[rl~ [Kl PxIs!$, and lh~refure th? furrnulatlor,
IJ valld for conitant or varldhle, that 1$,
anltrrlroplc or po!slbly hpa(l.rlep~nd~nt, values,
A rrmdlfl?riNPwton-Raphson schemr 1$ \ncrporaterl

In the finite element sol~tlon scheme to accom-
modate nonlinear material descriptions, Pre-
scribed constant-head and fluid-flux boundary
conditions are eaSlly applied. Velocity does
not a2pear explicitly in Eq. (5) but is deter-
mined indirectly through the application of
Darcy’s law, Eq. (3), at the Gauss integration
points. Transient solutions may be obtained by
selecttng either central, forward or backward
difference time integration schemes,

When developing a computer code to handle the
various ~crnplex phenmnena associated with subsl-
uence, a few established groundwater flow prob-
lems should be addressed and ccnnpared with
results found in the literature to Insure con-
fidence in the genera] solution technique, The
first problem considered was the ability to com-
pute unsteady flw to a well punplng ar, isolated
confined aquifer. In order to verify the numer-
ical results, a pr~blem was solved and canpdred
to the Theis nonequilibrium solution Gf unsteady
radial flmv to a well pmplng it constant rate
in an infinite, homogeneous and isotropic aquifer
(Ref. 6), Because o{ the symmetry of radial
flow to a single pumping well, an axi,ynnetrlc
element mesh was used. Thr? aquifer mesh was
bounded at a large distance from the well by
prescrlhing exponentially Incredi,ng element
size in the radial dlrectlon, [Ioo,ent ially
ln~reaslng tirlw Increments were al.o utlllzed tcI
reduce cmnputatlon time. The computed solutlons
are co+mpared LO the The~s solutlon In Fig, 1.
The numerical calculations gave results compar-
able to !.he analytical Solutlon with betler dc-
curacy t~btdlned by incre~slng the number of

element$. 01 Inlerest here IS that dr! dqul(er

with d 1000 ft radius was dnalyzed for d perluu
of over 19 h with only 8 elements and lb lIrnu
sleps.. This fdct IIlustrdtes the power of IIU-
rnerlcal ccanputatlon$ ustnq the ftnlte elemcnl
lr?chnlaue,
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confined aquifer.



water table aquifer above itself. The problem
1s to calculate the unsteady drawdown in the
punped aquifer, Hantush solved the problem ana-
lytically assuming: (1) the head in the layer
supplying the leakage is constant; and (2) the
permeability contrast in the semfpervious layer
and in the pumped aquifer is very great, so that
the flw is vertical in the s i onflning bed

?.6and horizontal in the aquifer, The dis-
charge of the well 1s thus supplied by the reduc-
tion of storage in the aquifer and by leakage
fran the semipervious layer. The leakage is
obtained fran both the reductloc of storage in
the semipel”vious bed ar,d from the body of water
overlying the senripervious bed. Ccmiwted solu-
tions at two different radii are compared with
the Hantush solution in Figs, 2 and 3. AS IS
evident, both the analytical dnd numerical $olu-
tlons obtain the same steady-state drawdown.
However, the solutions differ considerably in
the unsteady portion of the curves, This di$.
crepancy Is undoubtedly due to the difference in
the at.sunptlons made to solve the differential
equations, Hantush solves a boundary-value prob-
lem where flow Is purely vertical in the semi.

pervious layer and purely horizontal in the main
aquifer. The hydrology rode however SOIWeS the
entire three-dimwsional problem using Eq, (4)
and IS therefore not pre-b idsed as to flow direc-
tion, He believe therefore that the modified
ADINAT code Is, wlthl~ the error of the numerical
,Ipproxlmat ion to the exact sulution of fq, (4),
the rrmre accurate of the two methocl$. This re-
sult again shows the increased computational
cdpablllty obtained frfxn a good hydrologic code,

Uhen dealing with subsidence, one mst consider
effects upon surface water bodies and water table
aquifers. Unconfined aquifers or water table
aquifers are characterized by the fact that they
CIossPs5 a free surface, I.Jntli recently, the
method of analysis for free surfacp flow was to
as$ume J frt?e surface, discretlze the domain
h-low the fre$. surface using flnlte elemt?nts,
$olve tlw flow condt ions, dnd then ‘terate upon
th~ free surface locdtion until the ree $Urfacp

bnunrtary concllt~ms were 5dtlsfle(J. 16

}Iowever, with thp .IIrlof a nonllncar hydraultc

“+--’--+--%- --J-e-&i

n. , , I I 1 11, r , r , 1 , , I,,,v

1?-

dt----%--.J5+-+!J--’+!J %400
Fig. 3, Ccnnparison of Hantush solution with

ccartputed results for a leaky ~qulfer at
r ● 5,5 ft.

conductivity description suggested by Bathe, ll
the free 5urface bounddry conditions

h. z and

Ih
m ~ O on the free surface,

where

h ~ total head above datum
z ■ elevation above datum
n - dlrectlon norl

drp satisfied /in
nw?sFIlte~dtion by

hydrdu],c COnduCt

al to the free surface,

an Inte rated sense) wilhol~t

?the fol owing

lKfurh:t

lncorPoratlng the K ddpendenL* on h and z Into
the nmdtfled ADINAT cede resul.ed In the solutlon
shown in Fig. 4 of st?ady free-surfhcr flow
through a porous rectdnqular ddM. The lsotruplc
hydrauilc conductivity used In thl~ problem ‘W4S
KX9K

{
~ 1 ft/h, F!gure 5 1; a plot of the

$arm? p cm.lem OIIIY Mowing the velocity vectors
cmputed fran tho pressure gradients at the Gauss
Integratlcm points, The free s!!, face IS again
clearly evid@n~ becallse dhovd It the veloc!tie~
.4re zero, The size of the vector drawn is pro.
port (onal to the veloc(ty magnitude. Such plots
,lr@ beneflc la) bdc]use thp,v clearly i]luStrdt@

the relatlve tlow veloc(tiet. Otice tha VeIoCI.
!Ies are computed, tietermlnln ~ the V“)UIIUI,)OW
!’Jte across a surface Is eas! y accompllsiled.
TO verify this ralculatiolldl prcc?dure, the vol.
(me flow rate c@ninq Into the dam shown In fl S,

!4 and 5 wds computed ar,d co+nphreJ witn the vo .
ume flow rate Calculated to bp extttng th~ dam,
The flufc! Ingre$s Ca;CuldtQd W4S 7.96 ftJ/h and
the fluid e res; dlong the surfdce of seQpaq@

!9
wds 11.~ ft /h (the pndct answer befng ct?arty
H,00 ft /h),

At pres?nt, devel@vent of the hydrology code
It proceeding In svverd) ar~as to add neccssdrj
.apdbll!tles, for vE&nple, tnflltratlon abcve
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Though relatively simple, this calculation demc,n.
strates what one might expect frcfn the hydrology
code coupled with the geomechanical code descr~u-
ing a mine subsidence, Ideally, the structural
computation would provide the deformed com2.ta-
tional mesh, (geometry for hydrology model)
strbins, (to be used in hydrology model to
adjust permeabilities) and areas of extensive
caving or fracturing, (required byhydrolog.v
model to decide whether Dal”cy or non-D~rcy f~o~
description is required), The hydrology m:;x’
~ould then provide vOlume flow rates in ars;: :(
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concern, aquifer fluctuations, and possibly even
Increased infiltration rates fr~ surface water
bodies into the mine level.

COUPLED SUBSIDENCE-HYDROLOGY MODELING

A reallstic analysis of the effect of coal
mine subsidence on disruption of groundwater
flow requires that a subsidence model be coupled
ccsnputationally to the groundwater flow model
described previously. The subsidence model can
itself be very ccinplex and for real isti- predic.
tion will incorporate multi-layered materials,
joints and planes cf weakness, elastic-plastic
material behavior and models for several differ-
ent collapse mechanisms, such as those demofi.
strated by Burns in these proceedings. Although
scme notabl? attempts usin
for subsidence prediction J ;~r:::; :;::;:;

out, it is clear that this problem has not yet
been satisfactorily solved in terms of accurately

predicting subsidence profiles and volumes of

dlsrubted material. The best success in the
area Gf numerical modeling has been to back-
:alculate the rock mech~nical properti~s fr~
the observed subsidence profile. See Ref. 14
for e sunrnary of various analytical methods for
predicting subsidence.

The g neral eQuation$ that describe flu,d mi-
gration in higllv deform?!le media, which can be
used in a coupled subsidence-hydrology model,
are given in Ref. 15. Basically, the equations
consist of the Darcy equations ([q, 3), the cqua-
tlons of static equilibrium of the solid material
includir,g the effects of large geon~try change,
and an ?q;~ation that couple> the pressure in the
fluid to the bulk strain ir,the ~~l~d and the
volwnetric changr in fluld t!appeal in th~ Solld,

(6)

The difficulty with the iteration procedure is
that it neglects the interaction of fluid pres-
sure changes, bulk mechanical strain effects,
and fluid flow tnto or out of in element; that
is, the constitutive laws for solid and fluid
behavior are not properly coupled. The correct
procedure is to introduce the pore pressure as
another dependent variable--in addition to the
displacements--and to solve a larger system of
disc’retized equations representing the fully-
coupled problem, Hork at Los Alarngs is now

underway to develop such a two-dimensional pre-
dictive code using the finite element method Lld
the equations of Ref. 15.

COOE QUALIcIcATION STUDIES FOR
SUBSIDENCE MODELING

Scme preliminar; work has been completed using
the procedure of sequentially executing fluid
flow and structural cudes. A companion cede to
the AOINAT code, that has been modified to per-
form subsurface hydrol y calculations, is the
structural code AD]NA, !i This code has many
features to recomnend it for performing subsi-
dence calculations. First of all, the code has
been designed from its conception to be a aon-
linear analysis code, rather than a modification
of a linear code. Thus, users are offered a
user-controlled so]utlon strategy scheme for
performing modified Newton or other iteration
methods. For mine subsidence calculctlons, an
element “Birth/Death” option allows an excellent
description of the mining operation includin
caving and material bu ktng, Useful materia 7
models not only include the usual elastic-plastic
strain-hardening models, but also a curye de-
scription model that has been dl’signed to de-
scribe the behdV~Or of geologic ~dia ,JSing bulk
loadlng/unloading modulii and tensile cracking
with stiffness reduction when in situ gravity
pressure is exceeded by the maximum principal
tensile stress, In addition to these standard
features, Ccvrpanlon p’e. and post-processors
have been dw~loped at Los Alamos, cnd code
Qualification stuclles have been carried out for

fratures of tht cudv used in reactor safety and
.dapun~ des ~gn wo~k. Addltlonal sllde-llne
a gorithms to prevent ad;acent but separated
regions from crossing on
mcdcls,

~ another, material
and nem elrmt,nts 9 have also been added

tr the code, Al$o, rout lne$ have been modlf led
to takd dclvantaqt of thu p~ldllel-process~ng
features of the Cray computers. Our current
effort i Glrected at qualifying the features
and mud?ls that arr suitable for performing sub-
sidence calculations. As an example, Fi9, 7
~h(~w( a rrm<h that repr~<ent$ th? old Ben Mine’s
I1lIIQ hall dvfll,llt[!’dt,(ll prUJ(hCt. 10 Che(’~ the

pt,y$lcal Lwhavlu! of the element Birth/Death
op: Icm and Ihc cu~.t doscriptfon model, a numbrr
of calculatlon$ of 4 code-qualifying nature have
been ruII, Thesv results arc cmnpared tu either
kn[iwl,flost,rlfnrm solutlon$ $uch as the dls.
pla(f,uwnt f leld of a gravity loaded elastlc
block or other sulutlons $uch as given by
Prf19~~ for the stress variation around rectan-
g,jlar m~nc openin s with rounded cornert, pre.

?dict?d physical e fects are displayed in graphi-
Ca] form such as the tubs ldence profile dt the
top of the mvsh shown in Fi9, 8 for t part\culdr
$Pt of best guess geophysical properties, In



.,

5UB51D[NC[ tlC5H

Fig, 7, Ccvnputat ional sucslrkmce w:jh for Old Ber, 10n9wa11 demons t~atlon mine,

t-l
9-

c I:-.. t...-.,.



I ANALYST’S DATA BASED ON LITER ATIIFIE VALu[S

1

BEST GIJISS MS1 GuESS B:::l~::s
PERHEABIL ITIES RLCHAMICAL

PROPERTIES DESCRIPTION

T

FINAL GROWIDJ&TIR SUBSIDENCE F lNITjo:;:HLNl
SLILU1 ION < FL(Jw * PREDICTION ●

PREDICTION GINIRATIW

A
&

Ih 51Tu HICII.
PRoP5

WRWAFIILll Y SUh SIOLN. [ RLLIoNAI
OAIA PROF ILL OISCIIIFIION

1 t’ t:
t

1 fll L[l LIAIA

Fig. 9. Flow chftrt describing Interaction of analytical calculations and field measurements for
predicting strti~tural-hydrological subsidence effects,

order to firm up the calculation of th~ ground-
water flow after subsidence.

Figure 9 illustrates how an analysis of the
grnundwater flow around a subsided mine structure
mlghl proceed and be made more reliable by the
use of field ddtd being gathe-ed during the
course of the analysis, At first the analyst
has available onl,y best guesses at the regional

fwscrlptlon, tmchtsntcal properties, and perme
fihllitles, Using this he cm generate a finite
rlment mmd~l of the region,

]r, ltlally, all pfirmpter ttud!~$ with feedback
hr+trweo ;uhzid, nce and hydro!ogy m(,rlel% and SIJIJ-
s?qlmt prrdicttnn of groundwaf.or disrup!lons
wIII take place on the too half of Fig, 9, As a
b~lt~r regional rtescrlpt ion cssms from the field
get,lnqv, the ~$h wIII be morlif led, Hlth in
sitlj mdlol lal proprrty m(tasur~ment’ avallablc,

better subsldt?nce rredictlons will become pos-

sible mr! their efiects on subsurfere hydrology
pr~[flcterl, tz LhP perrmabilitv data Is estab-
ll\hPd, fewjba~i frcwn the hydrology model will
l,?prnv~ t,hp subsidence predictions, Thus the
c,llrlll,lflnnalactlwitv mnv, i to the bottom of
Flq, q urlttl ~ fint+l folutlon Is ~,edlct?d,
l)s{nq ‘IIS snlutioll, thk mine opt=rator WII1 bv
al]lp to a<spss th~ irnporLan$ t?cor,omlcand legal
con~wqllcnces LI pntenlta! grnundwat r disruption
a!ld subsidence.

bh~ are wok,lw CIOSFIY with CK)[ consultants to
utlliz~ flplrl measulments fran test project$ at
varlnus mlrw sltps, in pa-titular we are work-
11)9with GAI Inc. In several hyrlrC1 glc wasure-
rm?nts In thm u~erburden of the Kltt mine in Melt
vlrgtnia, ~a,t of whirh ~rr siescr{hed ●lsewhs?re

is these proceedings. We are dlso studying
several geophysical metnods for determining in
situ rock mass properties an~j changes due to
subsidence, These include Borehole Jacks,
remote SenSing ddtd, acoustic tomography and
microgravimetry, The latter two are also
discussed in these proceedings,

SLImARY

The problem of pred~ctlng groundwater distur-
hancps in the vicinity of mine subsidence IS
currently being addressed with both numerical
analysts and field measurements, For a realistic
analysis of the phenomna Involved, coupling
b~tw~pn a subsidence model and a groundwdter
flow model is requ~redi Besides adding various
basic hyslrulogic cc+npu~fitlon capabilities to the
groundwater model, work 1s proceeding to develop
a material permeability flow d?scriptlon relatlng
hytyr~ullc conductivity as a function of rock
strain, Work on the subs ld~nce model is directed
at designing a curve description model describing
geologic media behavior using bulk Ioadtn /
unloadtng modull and tensfle crdcking wit !
stiffness reduct!on when gravity Eressures ex-

cf+ed makimum pr nclpal tensile stresses. field
mpasuremsmts are being obtaln~,d concul’rent with
the analytical developments to ver!~y computa-
tional results and ?stablish requlrerl mhteridl
descriptions. Numerical coupling of a ground-
water flow mndel to a ge~chanlcal deformation
mmdel 1! bel,ng pursued to provide the rnlne oper-
dtor with a complete predictive tool to analyze
subsldr,~ce eff?cts on actual hydrologic systems.



This work was
the Division of
Energy.

ACKNOWLEDGEMENTS

performed under the auspices of
Coal Mining, US Department of

R~FER[NCES

1.

2.

3.

d,

4.,

6,

7.

e,

Q.,

In,

S. E, Benzley and R. D, Krieg, “A Continuurr
Finite Element A@9-each for Rock failure and
Rubble ;Omation;” Sa~dia !ia!lonal
Laboratory report SAK262-02Z7, Ur-BB,
August, 19B0,

D, E. Hunsorl and S, E. Benzley, “Analytic
Subsidence hodel Using Void-Volum/
Distribution Functions,b Proceedings of the
?lst 1!S Rock Mechanics Synposium, RF11o, MO,
Nay 27-30, 19d0.

H, J. Sutherland, K. U. Schuler, and 5, E.
Benz ley, “Observations and Analytlc
Calculations of Strata Movement AtIovI?

Idealized Mine Structures,” paper
t0rf210~?3, Proceedings of the 7th Annual

llnderg.ound Coal Conversion Sflposium,
Fallen Leaf Lake, Sept. 1981.

StnrlOy k. Dai,is and Rog~r J, !4. DeiiIest,
p,qro~~ ,’~~, Ulley, New ‘fork, 1970.

K. J, 8athP, “ADINLT-A Flr,lte Element
Program for Automatic Dynamic lncrem~ntal
Nonlinear Pfialysis of Temperatures.” AVL
Report B2L4P-5. Mechanical Engineering
Oepartm~rt, MIT, (May 1977).

Rnger J. M. Dehle!t, Genhyc!roloqv, Kiley,
her, York., 196[,

11. - ‘ -“” ““ - “’--’- --” ““-”

12.

13,

14.

15.

16.

17,

18.

;~,

?0 .

K. IJ. uatne and m. R. mosngoltaar, “flr,lte
Element Free Surface Seepage Analysis
bllthout Mesh Iteration,” International
Journal for Numerical and Analytical Metp,6~s
in Geomechanlcs, Vol. 3, 13-22, 1979, lj-~~,

M. M. Singh and F. S. Kendorski, “strata
Disturbance Prediction for Mining Beneath
Surface Ujter and Uaste Impoundments,”
Engineers International, Inc., Paper do?ie
under BuYines Contract No, J0285011, 1$7s.

H. D. Dahl and D, S. Choi, “Scune Case
Studies of M]ne Subsidence and its
Mathematical Model ing,” Proc. 15th SyrJ. or,
Rock Mechanics, 1973,

S, S. Peng, Coal Mine contru7, , Cha~t6r 9,

J. NileY ar,d Sons, 1576.

M. A. Biot, “lheory of stability art?
Consolldatlon of a Porous MeSluf, UrldP~”

]nitial Stress,” J. of Math & !fech., Vcl.

12, No, 4, 1963.

A. F. Ganqt, “variations in Whole or
Fract~red Rock permeability wit!, [Or(lr.lnq
Pressure,” ]nt. J. Ruth Mech. ana F’rlr,q,

Scl,, vol. 15, pp. 249-257, 197E.

F. Heuzt, I’Scal& Effects In the
Deterrrlnatlon of Rock. Mass Streng:~ and
D~formablllty,” Rock Mechanics, Vo:. lz,
1980,

K, J, Bathe, “AOIfiP . F~nlte [lement Pros.ar
fc.r F.JtcmaLIc Dynamic incremental h:rllflier

Aralysls, ” M:T Report ti244b-1, 1976.

U, A, Cook, “A Flnlte Element Model for
k ‘,-,~in(,ar She’1$. of Reticllutlon,” Los hIal-s

Sclen\J;~c Laboratory report LA-E 13F-YL,
NJ\. ,


